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AKTyarnbHOCTb

ITepaTuBHLIE doyHKL MU BEKTOPHbIX
NPOCTPAHCTB, rae Kaxabl OUT BbiXxoda 3aBUCUT OT
BCeX OMTOB BXoAga, NUCMOSb3YyHTCS:

* B CUCTEMaX ayTeHTMduKauum Onsi BblpabOTKK
KOOOB ayTeHTUdunkaumu;

* B CUMMETPUYHLIX  KpuATOCUCTEMAxX  AOnS
NpPOTUBOOAENCTBUSA KpuntoaHannTuyecknm
aTakam Tuna nocriegoBaTenbHOro ornpoboBaHUs
yacTeu Knova.
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MaTpun4iHO-rpadoBbLIN Nogxon

Ona npeobpasoBaHna g={gd;(Xy,---,X,),---,0,(X1,---,X)}  N-MepHOro
BEKTOPHOro rnpocTpaHcTBa TpebyeTcsa onpenennTts CBOMCTBA Q! CTENEHU
npeobpasoBaHus.

ToyHble MeToabl oOnpedeneHuss CYLECTBEHHbIX NepeMeHHbIX
dyHKUMN TPyOOEMKM, TaK Kak TpebyrT npocmoTtpa Tabnuy dyHKUuUn.
[MoaTomMy Ansa gt NpUMeHAETCs OLEHOYHbIN MaTPUYHO-rpadoBbIvM NOAXOA.

PYHKUMN g COOTBETCTBYET NepeMelnBarOlUU  N-BEPLUNHHBLIN
oprpac (g) (nepemewwusarwan 0,1-matpuua M(g)=(m;) CMeEXHOCTH
ero BEepLWH), rae g; CYLLeCTBEHHO 3aBuCUT OT X; < (1)) ayra B [(Q)
(m;=1), I,je{1,...,n}.

3agava:. onpenenntb 3KCMOHEeHT rpada [(g) (matpuubl M(Q)) —
HauMeHbllee HaTyparnbHoe 4ucno t: rpad M'(g) nonHein (M{(g)>0).

MaTtpuua Mtz(mij(t)) OonncbIBaeTCcA YMCrnom nyten afavHel t 3 i B | B
rpacpe I'.
I
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[ TPUMUTUBHOCTL rpagooB

[padb I (MaTprua M) NPUMUTUBHBLIW, €CNUN CYLLLECTBYET
t: rpad I''(g) nonHein (MY(g)>0).

Ona npumntBHoctm [ HeobxoauMma e€ro cunbHas
CBSI3HOCTb.

[Caukoe B.H., TapakaHoe B.E. KombuHamopuka HeompuuamersibHbIX
Mampuuy.

YHuBepcanbHbIN  KPUTEPUU  MPUMUTUBHOCTU.  E€CIU
C,...,C, cyTb BCce npocTble KOHTYpbl AnuH I,...l
COOTBETCTBEHHO CUINbLHO CBA3HOro oprpaga [, 10 [
npuMmnuTUBHLIN < gcd(ly,...,l)=1.

I
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OKCMNOHEHTbLI N-BEPLUNHHBLIX rpadoos (1)

[Wielandt H. Unzerlegbare nicht negative Matrizen]:

AbcontoTHaga gOCTUXKMMAas OLUEHKa:

expl<n?-2n+2, n>2.

[@omuues B. M. OueHKU 3KCrOHEHMO8 rnpuMumugeHsbIx 2pagos].

OnucaHbl oprpadbl, rae gocturaetca abcontoTHaa oueHka. [Ons
OoCTanbHbIX NPUMUTUBHLIX oprpadoB expl<n?-3n+4 npn HEYETHOM
n>3.

[Caukoe B.H., TapakaHoe B.E. KombuHamopuka HeompuuamerbHbIX Mampuuy:

Ecnn | — gnnHa kpatyanwero npocToro KoHTypa B [
expl<n+l(n-2).
B yactHocTW, anga oprpada I ¢ netneu
expl<2n-2. (1)
[@omuyes B. M. Ceolicmea rniymeu 8 epachax u myribmuezpaghax]

OueHka (1) yTodHeHa. I'IyCTb B BEpLIMHE I MMeeTcA nemns.
ObosHauunm d; D,J'II/IHy KpaT4yaniwlero nyTn u3 i B j, NpoxoasiLero yepes
r, d=max{d; ; 1,J)=1,...,n}. Toraa expl<d.
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OKCMNOHEHTbI N-BEPLUNHHBLIX rpadoB (2)

YacTHble knacchel: [Qomuyes B. M. OueHKu 3KCrioHeHmoe rnpumMumueHbix epaghos.

[PaHMLa NoHMXKaeTCsa NMpu U3BECTHbIX AnnHax | u A aByX NPOCTbIX KOHTYPOB
Cun C', rae (LA)=1. MNyctb h — yncno obwmx BepwnH KoHTYypoB C n C', n>2,
Toraa

ecnun h=0, To expl<IA-2I-30+3n;
ecnun h>0, To expl<IA-I-3A+h+2n.

[@omuues B.M. QueHka 3KCrloOHEHmMa HeKOmopbIX 2pagho8 C [MOMOWbK 4ucers
®pobeHuyca Ornss mpex apayMeHmos.

OueHKN MOoHMXeHbl Ons oprpadoB C MU3BECTHbIMU AnMHaMu |, A U p Tpex
npocTbiX KOHTYypoB, rae (I,A,u)=1. OueHKM BbipaxeHbl B psane criyvyaeB 4yepes
yncna epobeHnyca oT 3-x apryMeHTOB.

[Caukoe B.H., TapakaHoe B.E. KombuHamopuka HeompuuameribHbIX Mampuuy]:

[Mpn n>4 gaH KpuTEpUn NPUMNTUBHOCTU TypHUpa (rpacda T 6e3 netenb, rae
Kakgasi napa BEPLUMH coednHEHa POBHO O4HOW Aayron) u npu n>5 (d — gnametp):

|| d<expT,<d+3.
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OKCMOHEHTbLI N-BEPLUMHHBIX rpadooB (3)

[KHs3ee A. B. OueHKu aKkcmpemarsibHbIX 3HadyeHUU OCHOBHbIX MempuyecKux
xapakmepucmuk rceedocummempuyeckux 2pagos.

[1ns NPUMUTMBHOIO rpadPa  C  OOMHAKOBbLIMU
NonycreneHaMn 3axoda W uUcxoda BepLIMH MNOSMyYeHb!
OLEHKN 3KCMOHEHTOB, B TOM 4ucre, ¢ OorpaHU4YeHMem Ha
obxsart rpadda.

[dopoxoea A. M., ®omuyes B. M. YMOYHEHHbIE OUEHKU 3KCITOHEHMOS8
nepemewusarowux epagos bueKkmueHbIX peaucmpog cosuza Had MHOXEeCmEeoM
0B80OUYHbIX 8EKMOPOS8]:

[Ons obobuweHuns ornoyvHbix wndpos Pencrens (pernctp
ONVHBLL N Hag V,) nomnyyeHsl YCNoBWUA MPUMUTUBHOCTU U
OLIEHKM 9KCMOHEeHTa nepemewmBatowlero rpada (o) ¢ nr
BepwwnHamm. OueHKa ONfd 4acTHOro Kracca CyLeCTBEHHO
MEHbLLEe Nr.
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JlokanbHas NPUMNUTUBHOCTb MaTphubl

[Ins NOTOYHBIX CUCTEM YCrIoBWE MPUMWUTMBHOCTU rpadpa (MaTpuubl)
MOXHO 0CnabuTtb 00 NOKanbHOW NPUMUTUBHOCTM.

[Ksxxun C.H., ®omuvyese B.M. JlokanbHass npumumueHocms 2paghos U
HeompuuamersibHbIX Mampuuy:

Myctb A — kBagpatHas 0,1-matpuua nopsagka n, J=J{1,...,n}, A(J?)
(A(J)) — nogmaTpuua pasmepa rxr (nxr), nosiy4eHHas n3 A BblMEPKNBAHUEM
CTPOK U CcTONOLOB C HOMepamu jgJ (CTondbuoB ¢ Homepamu jgJ).

MaTtpuua A HasbiBaeTcs J2-npumMumueHoll (J-npumMumueHol), ecrnm
At(J2)>O (AY(J)>0) npu nwbom t>y; HaMMeHblLlee Y Ha3blBaeTCs
J2-3KCNOHEHTOM (J-3KCMOHEHTOM) MaTpuLblI.

Oanbl  kputepumn J%- N J-NPUMUTUBHOCTKU, OLIEHKA TNOKanbHbIX
9KCMOHEHTOB.

1. Tpad I J2-NpuUMNTUBHBIN < B [ MMEETCA KOMMOHEHTA CUITbHOM
CBA3HOCTWN, coaepxawaa J (kec(Jd)).

2. CBasHbin rpad [ J-npyumntmBHbIN, ecnn B [ umeetca kcc(Jd),
OocTmkmMas na niobon seplunHbel rpada I
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Cuctembl matpuy, (1)

Cucrema Q={M,,...,M;} «kBagpatHbix 0,1-matpuy (Q={ly,...,l"}}
oprpacdoB) NPUMUTUBHAsS, €CINN MYIBTUNIMKATUBHAA nonyrpynna (€2)
COOEPXKNUT MONOXUTENbHYIO MaTpuuy (MOnHbIN rpad).

SKCNOHEHT NMPUMUTUBHON CUCTEMbl () — HauMeHbllas anuvHa |
cnoBa B andasute 2, NpeacTaBnAlLWEro NOMOXUTENBHYIO MaTpuuy
(onpeneneHne pacnpocTpaHeHO W Ha CUCTEMbl pasHOpa3MepPHbIX
mMartpuL).

MHOXeCTBEHHbIM  3KCMOHEHTOM cucteMbl Q  (setexp)
Ha3biBAaeTCsd HaumeHbllee |. nonoxutenoHbl BCe crnosBa AnuHbl | B
andasute Q.

[KHs13e6 A. B.]: Ons nobon MHOX. NPUMUT. cuctembl Q:
setexp2<2n-2.

[Caukoe B.H.]: YTO4YHEHbI oLUeHKM setexp2 B YaCTHbIX Cry4asx.
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Cuctembl matpuy, (2)

[Age3osa 5.3., @®omuyes B.M. KombuHamopHblie ceolcmea
cucmem pasHopaamepHbix 0,1-mampud:

Ecnu matpuua M=M ;+...+M, npumnTBHasA, TO expQ>expM. JTa
oueHka BepHa u gna CPM, roe M — cymma wmartpuy Ml,...,Mp,
npmMBeAEHHbLIX K eAUHOMY pa3mepy NpUnuUcbiBaHNEM HYIEWN.

[Ona Q BBegeHbl NOHATUA Cy6I'IpVIMI/ITVIBHOCTI/I N CyD3KCMNOHEHTA,
PaBHOIMO HamMmeHbllen anuHe t crnosa |\/| ..M B andgasute Q, and
KOTOPOro nonoxurenbHa matpuua M, +|\/| |\/| + +|\/| M.

t
[@omuyes B. M. Ceolicmea riymeu 8 apaqbax u Mynbmuapaqbax]:
Ecrv Q={I";,....I;} urpagp I ;u...0l", CMNBHO CBSA3HBIW, TO NpK N>4

cuctema Q cyonpmmMmTtnBHa U CyO63KCNOHEHT He bonblue (n%-2)(n-1)/2.
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MuHMManbHble NPUMUTUBHbIE rpadbl

I'pacb Ha3blBaetTC4A MWUHUMAJIbHbIM NMPUMUTUBHbLIM, €CJIM1 OH
CTaHOBUTCA HENPUMNTUBHBLIM IMNMPU yaaJiIeHUU nobown AYTrn.

MnHMManbHOCTL Ba)XXHa C TOYKN 3peHNA 9KOHOMHOW peann3auun.

[Domuyes B.M. Ceoucmea MUHUMarbHbIX MPUMUMUBHbIX opepaghos].

[1pn N>4 BCe NPUMUTUBHLIE Oprpadbl C YUCNOM Ayr N+1 ABNAKOTCS
MWUHUMAaNbHbIMMA N UMEKTCA MUHUMarnbHbIE MPUMUTUBHBIE oprpadbl C
ymcnom Aayr ot n+2 go 2n-3.

[aHo onucaHne BCex MUHUMaSbHbIX APUMUTUBHBLIX oprpadoB C
Yyucriom gyr n+1 n n+2.
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